I. INTRODUCTION
Formed by the most abundant elements, the hydrohelium plays an important role in astrophysics. According to the standard Big Bang model, the helium hydride ion HeH + is the first molecule, along with He + 2 , formed in the Universe [1, 2] and its significance in the early Universe chemistry cannot be overestimated [3] . Because of its low abundance, caused by processes competitive to its formation, HeH + is expected to be difficult to observe. Several rotational lines have been selected as candidates for such observations [4, 5] . Although HeH + is expected to be observable in a variety of astrophysical environments [6] [7] [8] [9] , no unequivocal detection has been reported to date. HeH + is present in helium-hydrogen plasma produced in a variety of experiments and most of the spectroscopic data available today originates from the laboratory measurements. Large permanent dipole moment of HeH + enables acquisition of highly accurate spectra in the gas phase. The knowledge of the rovibrational spectrum of the bound and quasi-bound states allows an evaluation of cross sections for spontaneous and stimulated processes of formation of HeH + in the interstellar space [10] . Such cross sections, in turn, enable prediction of pertinent reaction rates indispensable for understanding the reactions mechanisms [11] and for verification of cosmological models.
Interestingly, experimental and theoretical studies of 3 HeT + [12] at that time were motivated by the neutrino mass measurements. Experimental data for other isotopomers are available in literature [13] [14] [15] , hence the isotopic substitution effect can be studied. Such data have been used by Coxon and Hajigeorgiu [16] in solving an inverse rovibrational problem, i.e. to construct an empirical Born-Oppenheimer (BO) interaction potential. Their estimated interaction energy at the equilibrium of the BO potential (16 456 .24 ± 0.1 cm smaller than the exact value of Ref. [17] .
HeH + is a relatively simple heteronuclear molecular ion, isoelectronic with H 2 , which makes it of a fundamental significance from the theoretical point of view. There is extensive literature reporting quantum chemical calculations on this system. Apart from correlated methods based on the one-electron approximation [18] [19] [20] , more sophisticated methods of explicitly correlated wave functions expanded in the James-Cooledge (JC) or gaussian (ECG) basis have been employed. Early calculations were limited to very short expansions and a few internuclear distances R [21] [22] [23] . The first accurate calculations of the Born-Oppenheimer (BO) energy curve can be attributed to Wolniewicz [24] . He applied the obtained wave function to study a formation of HeH + from HT molecule through the β decay process.
Ten years later, Ko los and Peek [25, 26] extended the BO calculations to long distances, which enabled studies of quasi-bound energy levels. An important step forward has been made by Bishop and Cheung [27] who have significantly improved the accuracy of previous results and additionally evaluated the adiabatic correction to the BO curve. A few years ago, accurate nonadiabatic-relativistic energies for rotationless levels have been obtained using ECG functions by Stanke et al. [28] . Very recently, a state-of-the-art BO potential has been obtained with relative accuracy of 10 −12 [17] .
Spectroscopists claim that, "the spectroscopic measurements are typically four orders of magnitude more precise than the theoretical spectra!" [29] . The exceptions are the two electron diatomic molecules, such as H 2 and HeH + . We report here on results obtained using the methodology applied successfully to hydrogen molecule and its isotopomers [30] [31] [32] [33] . Those theoretical predictions have been verified by subsequent experiments [29, [33] [34] [35] [36] [37] [38] [39] .
Our goal is to supply a theoretically predicted spectrum of the bound states of HeH + with the highest possible accuracy achievable within the present day stage of theoretical and computational methods. Such a full energy spectrum can be helpful in selection of those astrophysical objects at which HeH + can potentially be detected.
II. METHODOLOGY
In the frames of the so-called nonrelativistic quantum electrodynamics (NRQED) [40] [41] [42] , relativistic and QED effects are included in successive terms of the perturbation series
whereas the nonrelativistic component E
of the total energy is evaluated using the recently developed nonadiabatic perturbation theory (NAPT) [43, 44] .
A short account of the underpinning theory will be presented below. More details will be given only on these items which are new or specific to HeH + . Atomic units will be used throughout unless explicitly stated.
A. Nonrelativistic Hamiltonian
The nonrelativistic Hamiltonian of an N -electron diatomic molecule entering the Schrödinger equation
can be split into the electronic and nuclear parts
The former includes the kinetic energy of the electrons and the Coulomb interactions between all the particles
The notation employed to describe a location of particles is defined in Figure 1 . Before we write down explicitly the nuclear Hamiltonian of a diatomic molecule, we introduce a parameter t which specifies the origin, O, of the molecule-fixed coordinate system.
As shown in Figure 1 , t is a fraction of the internuclear distance measured from the 'left' nucleus, so that the nuclear positions are:
and the vectors pointing at the electron 1 from the nuclei are
With the nuclear masses M A and M B (M = M A + M B ), and the nuclear reduced mass 
Here we have introduced a shorthand notation
which has an important feature-its action on the electronic wave function ϕ el is t-invariant.
i.e. the origin is selected at the center of nuclear mass (CNM), the two above equations simplify-the last term in both cases vanishes. Finally, using the introduced abbreviations, we arrive at the following compact form of the t-dependent nuclear Hamiltonian
B. Adiabatic approximation
Our zero-order ansatz is in the form of a product of electronic and nuclear wave functions
the former being a solution to the electronic Schrödinger equation with the clamped nuclei Hamiltonian (4)
and the latter-to the nuclear Schrödinger equation
with the adiabatic correction
included in the potential for the movement of the nuclei.
C. Nonadiabatic effects
The nonadiabatic effects can be taken into account using the perturbation theory (NAPT) introduced in Ref. 43 and developed in Ref. 44 . According to this theory the leading order correction to energy of a molecular level is given by
Alternatively, the level energy can be obtained as a solution to the nonadiabatic radial Schrödinger equation
where
The solutionχ J (R) is a radial part of χ for a given angular momentum J. The energy E includes the adiabatic energy E a , the second order nonadiabatic correction E (2) na , and an admixture of higher order corrections.
In analogy with the original approach [43, 44] , the R-dependent reduced nuclear masses µ (R) (vibrational) and µ ⊥ (R) (rotational) are defined through the potentials W(R).
These, however, differ from their original counterparts in using ∇ operator rather than ∇ R
Referring again to the original formulation, we recall here that the nonadiabatic correction to the BO potential is
The three functions of R referenced above are defined as follows
III. RELATIVISTIC AND QED POTENTIALS
In accordance with the expansion (1), the nonadiabatic potential of Eq. (17) can be further augmented by the relativistic and QED potentials
The relativistic (α 2 ) effects are described by an expectation value of the Breit-Pauli Hamil-
Additionally, we consider a small effect of the finite nuclear size given by
where λ C = 386.159 264 59 fm is the electron Compton wavelength over 2π and where the square root mean nuclear charge radii are r ch (H) = 0.84184(67) fm and r ch ( 4 He) = 1.681(4) fm [46] . However, this effect turns out to be insignificant in comparison with overall accuracy we accomplished for the relativistic correction, so we have dropped out the E fs potential in Eq. (26) .
The leading order (α 3 ) QED correction is given by
This formula includes the so-called Bethe logarithm ln k 0 defined as
So far, calculation of the higher order (α 4 ) QED corrections for a two electron molecule is infeasible. However, the experience gained with two electron atoms [42] validates the assumption that this correction can be well estimated by its dominating component, the
one−loop (R), which can be readily evaluated from the formula
IV. NUMERICAL ASPECTS, RESULTS AND DISCUSSION
The following physical constants [47] were used in the present calculations: the proton mass M p = 1 836.152 672 47, the α particle mass M α = 7 294.299 536 5, the conversion factor 1 hartree = 219 474.631 370 5 cm
, and the fine-structure constant α = 1/137.035 999 679.
The largest contribution to the total energy of Eq. (1) comes from the BO component.
In order to reach 10
accuracy for the energy level, the BO potential converged to at least 11 significant figures has to be generated. Such an accuracy has become available since the recent advent of the analytic integrals over two-center two-electron exponential functions [48] . The BO potential used in the present work has been recently published in
Ref. [17] . It was computed using asymptotically correct generalized Heitler-London functions constructed from products of atomic He functions and arbitrary polynomials in interparticle
ϕ el ( r) expanded in 20 000 such basis functions yielded accuracy of 10
hartree or even better for large distances [17] . This result is at least four orders of magnitude more accurate than previous values [24, 26, 27, 49] . With this accuracy the error of BO calculations contributes insignificantly to the overall error budget of the dissociation energy.
The electronic wave function ϕ el is involved also in evaluation of all the other components of the total energy. However, because so far the analytic integrals in the exponential basis have been unknown, the basis of explicitly correlated Gaussian (ECG) functions has been employed to evaluate the post-BO corrections. The ECG basis functions have the form introduced by Singer [50] 
where the matrices A k and vectors s k contain nonlinear parameters, 5 per basis function, to be variationally optimized (see e.g. [51, 52] At first glance, the calculations on HeH + seem to be very similar to those of the other two-electron molecules studied previously [30] [31] [32] 44] . There are however reasons which make these calculations more sophisticated than analogous calculations for H 2 or HD. First of all, because of the nuclear charge asymmetry, the HeH + molecule is, in contrast to HD, non-symmetric with respect to the inversion of the electronic coordinates in any origin of the coordinate system. The lack of the gerade/ungerade symmetry results in a longer expansion of the BO wave function required to achieve an accuracy similar to that of H 2 . Such a wave function, in turn, needs more effort in an optimization of the nonlinear variational parameters and is more exposed to linear dependency problem.
Another difference, substantial from the computational point of view, is in the nonsymmetric dissociation which is related to the problem of choice of the coordinate system origin. For small and intermediate internuclear distances R, the reasonable choice of the origin is at the center of the nuclear mass or in the middle of the internuclear distance. Because HeH + decays to the bare proton and the neutral helium atom carrying both electrons, the optimum choice of the origin at large R is on the helium nucleus. The choice of the origin influences the formulas as well as numerical accuracy of e.g. finite mass corrections. Therefore, to assure the highest possible quality of the calculations, the origin selection issue has to be properly addressed. We coped with this problem by introducing the variable origin nuclear Hamiltonian H n of Eq. (8) and a new differential operator ∇ , Eq. (9), which has the property that ∇ ϕ el is independent of the choice of the origin. a.u. The long range limits of the nonadiabatic potentials are also known:
The nonadiabatic potentials W (R) and W ⊥ (R) are in the following relation
with the electronic component of the vibrational and rotational g-factors appearing in the effective molecular Hamiltonian derived by Herman and Asgharian [56] . For HeH + these g-factor functions have been computed by Sauer et al. [19] using a linear response method with full-CI/aug-cc-pVTZ functions. Numerical values reported in [19] have been evaluated using the atomic instead of the nuclear reduced mass. When adjusted to the nuclear reduced mass formalism [57] the g-factors lead to W potentials which differ from ours by only a few percent.
In a molecule, the moving nuclei are "coated" with electrons, bearing additional mass.
The amount of the mass changes with R, which is reflected by the effective nuclear reduced masses µ(R) depicted in Fig. 2 
The R-dependence of the effective nuclear reduced masses.
with the R → ∞ value corresponding to the reduced mass of the separated atoms
The nonadiabatic effects enter the Schrödinger equation (16) that is 15 % of the full correction.
As we can see, the contributions are additive and definitely the variable mass contribution is much more significant. The Supplemental Material [58] contains a list of the numerical values of the above mentioned nonadiabatic potentials W (R), W ⊥ (R), and δE na (R), as well as the remaining corrections making the total potential Y(R). [30] . What is more, it acts in the opposite direction than in H 2 , that is it decreases the dissociation energy. The leading nonadiabatic correction contribution to D 0 is almost two orders of magnitude smaller than the adiabatic correction and its sign is the opposite. Its value is several times smaller than in H 2 (0.4339 cm ), which suggests that at the present level of accuracy the higher order nonadiabatic terms can safely be neglected. The smallness of the nonadiabatic effect can be rationalized by the presence of the heavier nucleus ( In the estimation of the uncertainties assigned to the results shown in Table II , we have taken into account two major factors. The first factor is related to the incompleteness of the wave functions employed to evaluate particular expectation values (or the Bethe logarithm)
comprising the post-BO corrections. In our calculations, the only quantity computed directly as an expectation value was the orbit-orbit term in the Breit-Pauli Hamiltonian (27) . All the other quantities were either the expectation values evaluated using the integral transform technique [64] or second-order quantities, which require the presence of an internal basis set to invert the resolvent. In both cases there are no regular convergence patterns observed usually in the case of the conventional expectation values. It is possible, however, to determine these digits of the numerical result, which remain stable under a change (e.g. doubling)
of the basis set size, and assign, with a proper margin of safety, a reliable uncertainty to the evaluated quantity. The second potential source of the error comes from the interpolation of the potentials while numerically solving the radial Schrödinger equation. In our calcu- (10) lations, this source of error has been effectively eliminated by using sufficiently dense grid of computed points-the interpolation uncertainties are negligible in comparison with the errors of individual points of the potentials. Finally, the uncertainty from a component of the potential is transferred to the corresponding correction to D 0 , i.e. its is assumed that the number of significant digits of the correction is the same as that of the potential. We note that the corrections at the separated atoms limit are known exactly and their subtraction introduces no additional error. Just the opposite, it causes a partial error compensation which makes our uncertainties rather overestimated. [42] . One would expect that a difference in the two methodologically different approaches is attributed to the recoil effect.
However, the 0.36 cm
discrepancy is much too large to explain this effect which can be roughly estimated as the relativistic correction divided by the nuclear reduced mass. We gauge that the relativistic recoil contribution to D 0 is less than 0.002 cm
and add this value to the error budget in Table II . . We estimate that uncertainty of the data in Table III is also on the order of 0.01
with a tendency to grow with increasing quantum numbers v or J.
For comparison, results of the most accurate experiments undertaken over the years, consisting of about fifty rovibrational transitions, have been assembled together with our theoretical predictions (see Table IV ). Among them there are two extremely accurate measurements of (0, 0) → (0, 1) line by Matsushima et al. [14] and of (0, 1) → (1, 2) transition by Chen et al. [60] . Their uncertainty is of the order of 10 . Slightly better agreement has been observed for another method of fitting based on Herman-Ogilvie equation [62] . In this case the corresponding discrepancies are 
